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ON THE NONEXISTENCE OF NONTRIVIAL INVOLUTIVE 
n-HOMOMORPHISMS OF C*-ALGEBRAS 
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Abstract. An n-homomorphism between algebras is a linear map <f> : A — > B 
such that <j>(ai ■ ■ ■ a n ) = <f>(a\) ■ ■ ■ (f>(a n ) for all elements ai, . . . ,a n E A. Every 
homomorphism is an n-homomorphism, for all n > 2, but the converse is false, 
in general. Hejazian et al. [7] ask: Is every *-preserving n-homomorphism 
between C*-algebras continuous? We answer their question in the affirmative, 
but the even and odd n arguments are surprisingly disjoint. We then use these 
results to prove stronger ones: If n > 2 is even, then (f> is just an ordinary 
*-homomorphism. If n > 3 is odd, then is a difference of two orthogonal 
*-homomorphisms. Thus, there are no nontrivial *-linear n-homomorphisms 
between C*-algebras. 



1. Introduction 

Let A and B be algebras and n > 2 an integer. A linear map <fi : A — > B is an 
n-homomorphism if for all a\, a,2, ■ ■ ■ , a n G A, 

0(aia 2 • • • On) = 0(ai)0(a 2 ) • • ■ 4>{a n ). 

A 2-homomorphism is then just a homomorphism, in the usual sense, between 
algebras. Furthermore, every homomorphism is clearly also an n-homomorphism 
for all n > 2, but the converse is false, in general. The concept of n-homomorphism 
was studied for complex algebras by Hejazian, Mirzavaziri, and Moslehian [7]. This 
concept also makes sense for rings and (semi)groups. For example, an AE n -ring is a 
ring R such that every additive endomorphism <f) : R — > R is an n-homomorphism; 
Feigelstock (4j [5] classified all unital AE n -v'mgs. 

In [7J, Hejazian et al. ask: Is every ^-preserving n-homomorphism between C'*- 
algebras continuous? We answer in the affirmative by proving that every involutivc 
n-homomorphism <f> : A — * B between C*-algebras is in fact norm contractive: 
1 1 4>\\ < 1< Surprisingly, the arguments for the even and odd n cases are disjoint 
and, thus, are discussed in different sections. When n = 3, automatic continuity is 
reported by Bracic and Moslehian [2], but note that the proof of their Theorem 2.1 
does not extend to the nonunital case since the unitization of a 3-homomorphism 
is not a 3-homomorphism, in general. 

Using these automatic continuity results, we prove the following stronger results: 
If n > 2 is even, every *-linear n-homomorphism 4> : A — > B between C*-algbras 
is in fact a ^-homomorphism. If n > 3 is odd, every *-linear n-homomorphism 
<j) : A — > B is a difference cf>(a) = ipi (a) — r/'a (ft) of two orthogonal *-homomorphisms 
ipi _L ip2- Regardless, for all integers n > 3, every positive linear n-homomorphism 
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is a *-homomorphism. Note that if tp is a *-homomorphism, then —ip = — tp is a 
norm contractive *-preserving 3-homomorphism that is not positive linear. 

There is also a dichotomy between the unital and nonunital cases. When the 
domain algebra A is unital, there is a simple representation of an n-homomorphism 
as a certain n-potent multiple of a homomorphism (discussed in the Appendix.) 
The nonunital case is more subtle. For example, if A and B are nonunital (Banach) 
algebras such that A" = B n = {0}, then every linear map L : A — > B (bounded or 
unbounded) is, trivially, an n-homomorphism (see Examples 2.5 and 4.3 of [7]). 

The outline of the paper is as follows: In Section 2, we prove automatic continuity 
for the even case and in Section 3 for the odd case. In Section 4, we prove our 
nonexistence results. A key fact in many of our proofs is the Cohen Factorization 
Theorem [3] of C*-algebras. (See Proposition 2.33 [8] for an elementary proof of this 
important result.) Finally, in Appendix A, we collect some facts about n-potents 
that we need. 

The authors would like to thank Dana Williams and Tom Shemanske for their 
helpful comments and suggestions. 



In this section, we prove that when n > 2 is even, every involutive (i.e., *-linear) 
n-homomorphism between C*-algebras is completely positive and norm contractive, 
which generalizes the well-known result for *-homomorphisms (n = 2). Recall that 
a linear map 8 : A — > B between C*-algebras is positive if a > implies 8(a) > or, 
equivalently, for every a £ A there is a b € B such that 0(a*a) — b*b. We say that 
8 is completely positive if, for all k > 1, the induced map 8k : Mk(A) — > Mk(B), 
8k((a-ij)) = (8(aij)), on k x k matrices is positive. 

Theorem 2.1. Let H. be a Hilbert space. If n > 2 is even, then every involutive 
n-homomorphism from a C*-algebra A into B(TL) is completely positive. 

Proof. Let 4> : A — > B(TL) be an involutive n-homomorphism. We may assume 
n = 2k > 2. Let (•, •) denote the inner product on TL. By Stinespring's Theorem 
[S] (see Prop. II. 6. 6 p]), <fi is completely positive if and only for any m > 1 and 
elements a\ , . . . , a m £ A and vectors v\ , . . . , v m £ TL we have 



We proceed as follows: for each 1 < i < m use the Cohen Factorization Theorem 
[3] to factor ai = an ■ ■ ■ a,ik into a product of k elements. Thus, their adjoints factor 
as a* = a* k ■ ■ ■ a*i- Since n = 2k, we compute 
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where x — YaLi <^( a ti) ' ' ' 4>( a ik)vi € H. The result now follows. □ 

Even though the previous result is a corollary of the more general theorem below, 
we have included it because the proof technique is different. 

Lemma 2.2. Let <fi : A —> B be an n-homomorphism. Then, for all k > 1, the 
induced maps 4>k '■ Mk(A) — > Mk{B) on k x k matrices are n-homomorphisms. 
Moreover, if <fi is involutive ((f>(a*) = (fi(a)*), then each cf>k is also involutive. 

Proof. Given n matrices a 1 = (ajj), . . . ,a n — (a™ ) in Mk(A), we can express 
their product a 1 a 2 ■ ■ ■ a n — (ay), where the (i, j)-th entry ay is given by the formula 



El 2 

mi,—- ,m n - 1 — 1 

Since <pk(,a}a 2 • • ■ a") = (0(ay)) by definition and 

k 

mi,-- ,m Tl _i — 1 
A; 

( / , ( a L 1 )0( a m 1 m 2 )---0(a™„_ 1 j) 

mi ,■ ■ ■ ,m n —i — 1 

= [^•(a 1 )0 fc (a 2 )---^(a")] I ,, 

it follows that 0^ : Mk(A) —* Mk{B) is an n-homomorphism. Now suppose that ^ 
is involutive. We compute for all a = (ay) £ Mfc(A): 

fc (a*) = <M(a*,)) = fo(aj,)) = (<^)*) = fe (a)* 

and hence each <pk : Mk(A) — » Mk(B) is involutive. □ 

Theorem 2.3. Let <p : A B be an involutive n-homomorphism between C*- 
bras. If n > 2 is even, t/ien </> is completely positive. Thus, <j) is bounded. 



Proof. We may assume n = 2k > 2. Since <j> is linear, we want to show that for 
every a £ A we have (f>(a*a) > 0. By the Cohen Factorization Theorem, for any 
a G A we can find a\, ...,afc £ A such that the factorization a = ai • ■ • holds. 
Thus, the adjoint factors as a* — a* k ■ ■ ■ a\. Since n = 2k and (/) is n-multiplicative 
and *-preserving, 

4>(a*a) = (f){a* k ■ ■ ■ a\a\ ■ ■ ■ a^) 

= cf>(ak)* ■ ■ ■ 4>(ai)* (f>(ai) ■ ■ ■ 4>{ak) 
= (4>(ai) ■ ■ ■ 4>(ak))* (4>(ai) ■ ■ ■ 4>(a k )) 
= b*b > 0, 

where b = </>(ai) • • • </>(afc) E B. Thus, ^ is a positive linear map. By the previous 
lemma, all of the induced maps <fik ■ Mk{A) — > Mk{B) on k x k matrices are 
involutive n-homomorphisms and are positive. Hence, <fi is completely positive and 
therefore bounded [1]. □ 

We now wish to show that if n > 2 is even, then an involutive n-homomorphism 
is actually norm-contractive. First, we will need generalizations of the familiar 
C*-identity appropriate for n-homomorphisms. 
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Lemma 2.4. Let A be a C* -algebra. For all k > 1, we have that 

r iMr = \\(x* x ) k \\ 

\\\xf k+1 = \\x{x*x) k \\ 

for all x £ A. 

Proof. In the even case, we have easily that 

\\x\\ 2k = (\\xf) k = \\x*x\\ k = \\(x*x) k \\ 

by the functional calculus since x*x > 0. In the odd case, we compute again using 
the C*-identity and functional calculus: 

\\x(x*xn 2 = \\(x(x*x) k y(x(x*x) k )\\ 

= \\(x*x) k x*x(x* X ) k \\ 

= ||(:r*a;) 2fc+1 || = ||(a;*x)|| 2fc+1 

= (|| 2; || 2 ) 2fc+1 = (||x|| 2fc + 1 ) 2 ; 

the result follows by taking square roots. □ 

Theorem 2.5. Let <f> : A — > B be an involutive n-homomorphism of C* -algebras. 
If 4> is bounded, then <fi is norm contractive (||</>|| < 1). 

Proof. Suppose n = 2k is even. Then for all x € A we have 

4>((x*x) k ) = <f){x*x ■ ■ ■ x*x) = (4>(x*)(f)(x)) k = (<p(x)* 4>(x)) k . 

Thus by the previous lemma, 

u(x)\r = u(x)r k 

= \Mxr<Kx)) k \\ = \\<i>«x*x) k )\\ 
< ii^iiik^ii = u\\M 2k = wikir, 

which implies that ||0|| < 1 by taking n-th roots. 

The proof for the odd case n — 2k + 1 is similar. □ 

3. Automatic Continuity: The Odd Case 

The positivity methods above do not work when n is odd, since the negation 
of a *-homomorphism defines an involutive 3-homomorphism that is (completely) 
bounded, but not positive. We need the following slight generalization of Lemma 
3.5 of Harris [6]. 

Lemma 3.1. Let A be a C* -algebra and let A ^ and k > 1. If a £ A then 
A G o~((a*a) k ) if and only if there does not exist an element c G A with 

(1) c(X-(a*a) k ) =a. 

Proof. If A a((a*a) k ), then c = a(A - (a*a) k )^ 1 G A satisfies 

c (A - (a*a) k ) = a(\ - (a*a) k )- 1 (X - (a*a) k ) = a. 

and so |T]) holds. 
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On the other hand, if A € o~{(a*a) k ) then, by the commutative functional 
calculus, there is a sequence {&m}i° in the unitization A + with b m -/^ but 
dm =dcf (A — (a*a) k )b m — > 0. Since A ^ we must have 

a* (aa*)^ 1 (ab m ) = (a*a) k b m = Xb m - d m 0, 

which implies a6 m /> 0. Hence, there does not exist an element c 6 A that can 
satisfy equation (|TJ) , since this would imply that 

ab m = c(A- (a*af> m 0, 

which is a contradiction. This proves the lemma. □ 

We now prove automatic continuity for involutive n-homomorphisms of C*- 
algebras for all odd values of n. Note that we do not assume that A is unital, 
nor do we appeal to the unitization 4> + : A + — > B + of cj), which is not an n- 
homomorphism, in general. 

Theorem 3.2. Let <fi : A B be an involutive n-homomorphism between C* - 
algebras. If n > 3 is odd, then \\<p\\ < 1, i.e., <p is norm contractive. 

Proof. Let n = 2k + 1 where k > 1. Given any a £ A and A > such that that 
A ^ o~((a*a) k ), there is, by the previous lemma, an element c G A such that 

a = c (A - {a*a) k ) = (Ac - c{a*a) k ). 

Noting that c(a*a) k is a product of 2k + 1 = n elements in A, and is a ^-linear 
n-homomorphism, we compute: 

4>{a) = 4>{\c - c(a*a) k ) = \<p(c) - <p(c(a*a) k ) 

= A0(c) - 0( C )(<Ma)*0(a)) fe - 0(c)(A - (0(a)*<Ma)) fc ) 

which yields that there is an element <p(c) £ B with: 

0( C )(A-(0(a)^(a)) fc ) = 0(a). 

By the previous lemma, we conclude that A ^ a((4>(a)* <fi(a)) k ) . Thus, we have 
shown the following inclusion of spectra: 

amay^a)) k )Co-((a*a) k )U{0}. 

Therefore, by the spectral radius formula [2 II. 1.6. 3] and the generalization of the 
C*-identity in Lemma T2.41 we must deduce that: 

U(a)\\ 2k = \Marcl>(a)) k \\ 

= r((0(a)^(a)) fc ) < r((a*a) k ) 
= \\(a*a) k \\ = \\ a \\ 2k , 

which implies that ||0(a)|| < ||o|| for all a G A, as desired. □ 

Note that the argument in the previous proof does not work for n = 2k even, 
since we would need to employ (a*a) k ~ 1 a which is a product of 2k — 1 = n — 1 
elements as needed, but not self-adjoint, in general. Thus, we could not appeal 
to the spectral radius formula for self-adjoint elements and Lemma 13-11 would not 
apply. Hence, the even and odd n arguments are essentially disjoint. 
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4. Nonexistence of Nontrival Involutive ti-homomorphisms of 

c*- algebras 

Our first main result is the nonexistence of nontrivial n-homomorphisms on 
unital C*-algebras for all n > 3. We do the unital case first since it is much simpler 
to prove and helps to frame the argument for the nonunital case. 

Theorem 4.1. Let <f> : A — > B be an involutive n-homomorphism between the C* - 
algebras A and B, where A is unital. If n > 2 is even, then (j) is a *-homomorphism. 
If n > 3 is odd, then <fi is the difference </>(a) = tpi (a) — 1^2 (a) of two orthogonal 
*-homomorphisms ipi _L ip2 '■ A — ► B. 

Proof. In either case, by Proposition IA.1( the element e = 4>(1) G B is an 
n-potent (e™ = e) and is self-adjoint, because 

e = 0(l)=0(l*) = 0(l)*=e*. 

Also, there is an associated algebra homomorphism ip : A — > B defined for all a € A 
by the formula 

^(o) = e n ~ 2 <j)(a) = <j)(a)e n - 2 

such that (f>(a) = eip(a) = ip(a)e. In either case, if) is *-linear since <p is *-linear and 
e is self-adjoint and commutes with the range of <j): 

^(a*) = e"- 2 0(a*) = e"- 2 0(a)* = (e"" 2 [ <f>{a))* = 4>(a)* . 

Now, if n = 2k is even, e = e" = (e fc )*e fe > and so e = p is a projection. Thus, 
</>(a) = pip(a) — ip(a)p = ptjj(a)p is a *-homomorphism. If n > 3 is odd, then by 
Lemma lA.8| e is the difference of two orthogonal projections e = p± —p2 which must 
commute with both ip and <fi by the functional calculus. Define ip± , ip2 ■ A — > B 
by tf>i (a) = pi%j)(a)pi for all a G A and i = 1,2. Then ip2 -L "02 are orthogonal 
*-homomorphisms, and 

■01 (a) - -02(a) = Pxi>{a) ~ P2ip(a) = eip(a) = <p{a) 
for all a G A, from which the desired result follows. □ 

Corollary 4.2. Let (f) : A — > £? 6e a linear map between C* -algebras. If A is unital, 
the following are equivalent for all integers n > 2: 

a. ) (j) is a * -homomorphism. 

b. ) (j) is a positive n-homomorphism. 

c. ) (j> is an involutive n-homomorphism and 4>(1) > 0. 

Proof. Clearly (a) ==> (b) (c). If n > 2 is even, then (c) (a) by the 

previous result. If n > 3 is odd, then by the previous result, we only need to show 
that 4> is positive. Let n = 2k + 1. Given any a G A, by the Cohen Factorization 
Theorem, we can write a = ai • • • afe. Since 0(1) > 0, by hypothesis, and n = 2k+ 1, 
we compute: 

4>(a*a) = <p(a*la) = 4>{a* k ■ ■ ■ a\la\ ■ ■ ■ a&) 

= 0(a fe )* • • • 0(ai)*0(l)0(ai) • • ■ 0(a fc ) 
= (0(oi) • • -0(a fc ))*(/)(l)(0(ai) • • -<j>{a k )) 
= 6*0(1)6 > 0, 
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where b = (f>(ai) ■ ■ ■ <p(a k ) G B. Thus, </> is positive linear and therefore a *- 
homomorphism. □ 

Next, we extend our nonexistence results to the nonunital case, by appealing to 
approximate unit arguments (which require continuity!) and the following impor- 
tant factorization property of ^-preserving 71-homomorphisms. 

Lemma 4.3 (Coherent Factorization Lemma). Let <f> : A — > B be an involutive 
n-homomorphism of C* -algebras. For any 1 < k < n and any a £ A, if a — 
o-i ■ • ■ o-k — bi ■ ■ ■ b k in A, then 

0(ai)».0(o fc ) = 0(6i)-..0(6 fc ) 6 5. 
Note that, in general, <j>{a) ^ 4>(a\) ■ ■ ■ (f>(a k ) when 1 < k < n. 

Proof. Clearly, we may assume 1 < k < n. Since <f> is *-linear, the range 
4>{A) C B is a self-adjoint linear subspace of B (but not necessarily a subalgebra, 
in general). Given any d — <j)(c) € 0(^4), using the Cohen Factorization Theorem, 
write d — di ■ ■ ■ d n — <fi(ci) ■ ■ ■ <fi(c n ) where di — <f>(c.i) for 1 < i < n. Consider the 
following computation: 

<j)(ai) ■ ■ ■ <p(a k )d = <j)(ai) ■ ■ ■ 0(a fc )</>(ci) • • • </>(c„) 

= <j>(ai ■ ■ • a k ci ■ ■ ■ c„_ fe )0(c n _ fc+ i) • ■ • 4>(c n ) 

= 4>(h ■ ■ ■ b k Ci ■ ■ ■ C„-k)(t>(Cn-k+l) • ■ ■ 4>(Cn) 

= 41(h) ■ ■ ■ <p(b k )<p(ci) ■ ■ ■ <p(c n ) 
= <t>(b 1 )---ct>(b k )d. 

Let / = (f>(ax) ■ ■ ■ <p(a k ) - (j)(b x ) ■ ■ ■ (f>(b k ). Then fd = for all d G <f>{A) C B, and 
thus fd — for all d in the *-subalgebra A$ of B generated by 4>(A). In particular, 
for the element 

d a = 0(4) • • • 0(oJ) - <t>(b* k ) ■ ■ ■ m) = f* e A>. 

Hence, //* = fd a = and so ||/|| 2 = ||//*|| = by the (^-identity. Therefore, 

4>(ai) ■ ■ ■ (f>(a k ) - 0(6i) •• -4>{b k ) = / = 0, 
and the result is proven. □ 

Definition 4.4. An approximate unit for a (nonunital) C* -algebra A is a net 
{ex}xeAof elements in A indexed by a directed set A such that 

a. ) < e\ and \\e\\\ < 1 for all X G A; 

b. ) e\ < if A < fx in A; 

c. ) For all a G A, 

lim \\aex — a\\ = lim He^a — a\\ = 0. 

A — >oo A — >oo 

Every C*-algebra has an approximate unit, which is countable (A = N) if A is 
separable (see Section II.4 of Blackadar pQ.) 

Theorem 4.5. Suppose ef> : A — > B is an involutive n-homomorphism of C*- 
bras, where A is nonunital. Then, for all a £ A, the limit 

ip(a) = lim (j>(ex) n - 2 <p(a) = lim 0(a)</»(e A )™" 2 

A— >oo A— >oo 
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exists, independently of the choice of the approximate unit {e\} of A, and defines 
a *-homomorphism tp : A — > B such that 

(j>{a) = lim <p(e x )tp(a) 

A^oo 

for all a e A. 

Proof. We may assume n > 3. Given a e 4, use the Cohen Factorization 
Theorem to factor a = aia 2 • ■ • a n . Define a map tp : A — > B by 

tp(a) = 0(0102)0(03) • • • <j>(a n ) = 0(oi) • • • <j>(a n -2)<j>(a n -ia n ), 

which is well-defined by the Coherent Factorization Lemma. The continuity of 
implies that 

lim 0(e A )"- 2 0(o) = lim 0( eA )"- 2 0( ai )--.0(o n ) 

A^oc A^oo 

= lim 0(e^" 2 aia 2 )(/>(a3) • • • (j>(a n ) 

A— >oo 

= (f)(a 1 a 2 )(f>{a 3 ) ■ ■ ■ <j>(a n ) = tp(a) E B. 

It follows that we can write: 

0(a) = lim 0(e A )"- 2 0(o) = lim 0(o)0(e A )"- 2 , 

A^oo A^oo 

and so tp : A — > B is linear since is linear. Moreover, since is *-linear, it follows 
that tp is also *-linear: 

tp(a)* = (0(0102)0(03) • • • 4>{a n ))* 
= (p{a n )* ■ ■ ■ (p(a 3 )* (p(aia 2 )* 
= 0K)---0(a*)0(aX) 

= 0«l< 2 )0«-l) ' ' ' 0K 2 ) 

= ^(«i<2)«-i)---(a*2)) 
= tp(a* n ---a* 1 )=tp(a*). 

In the computation above, we factored a n = a n2 a n \ and set 012 = 0102 to obtain 
the factorization a* = a* n ---a\ — (o* 1 a* 2 )a* l _i • • • a[ 2 m to n elements. Given 
a, b 6 A with factorizations a — a\ - ■ -a n and b = 61 ■ ■ ■ b n , the fact that <p is an 
n-homomorphism implies: 

tP(a)tP(b) = (0(oio 2 )0(o 3 ) ■ • • 0(o„)) (0(6162)0(63) • • • 0(6„)) 
= 0((oio 2 )a 3 • • • a„(6i6 2 ))0(6 3 ) • • • 0(6„) 
= 0((a6i)6 2 )0(6 3 )---0(6„) 
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note that ab = (061)62^3 ■■■b n is a factorization of ab into n elements. A second 
proof of multiplicativity goes as follows: 

ip(ab) = lim 4>{e x ) n ~ 2 <t>{ab) = lim 0(e A ) n " 2 0( lim ae™~ 2 6) 

A— >oo A— >oo ii—>tx ^ 

= lim <t>{ex) n ~ 2 lim <t>{ae n -%) 

A^OO fl—rOO r 

= lim 0(e A ) n - 2 I™ 0(a)0(e M )"- 2 0(6) 
= lim 0(e A )"~ 2 0(a) lim 0( eA1 )"- 2 0(6) 

A^OG fJ- — * OC 

= ^(a)^(6). 

Thus, V' is a well-defined *-homomorphism. Finally, we compute: 
lim (f>(e\)ip(a) = lim </>(eA)0(aia 2 )0(a 3 ) ■ • ■ <j>{a n ) 

A — >oo A — ^OO 

= lim 0(eA(aia 2 )a3 * • *a n ) = lim <j>(e\a) 

A — *oo A — ^00 



0(a) 



□ 



Using similar factorizations, the fact that {e™} is also an approximate unit for 
A, and the fact that the strict completion of the C*-algebra C*(<p(A)) generated 
by the range 4>{A) is the multiplier algebra M(C*(ip(A))), we obtain the nonunital 
version of Proposition lA.il 

Corollary 4.6. Suppose that A and B are C* -algebras with A nonunital, and let 
<j) : A B be an involutive n-homomorphism with associated *-homomorphism 
ip : A —¥ B . Then there is a self-adjoint n-potent e — e* = e" £ M{C* (<j){A))) such 
that 4>{ e \) ~ * e strictly for any approximate unit {e\\ of A, and with the property 
that 

4>{a) = eip(a) = ip(a)e 
^(o) = e n - 2 (f>{a) 

for all a £ A. 

Proof. By the previous proof, we can define e £ M (C* (cf)(A))) on generators 
(j>{a) by 

e(j)(a) = lim <j>{e\)(j>{a) = ^(aia 2 ■ ■ ■ a„_i)0(a„) £ C*(<f>(A)) 

A — >oo 

for any a = a± ■ • ■ a n £ A. It follows that: 

e n 4>{a) = lim <P(e x ) n (j>(a) 

A >OC 

= lim 0(e™)0(ai)0(a 2 ) • • -^(a n ) 

A— »oc 

= lim 0((e A )aia 2 • • • a n _i)</>(a„) 

A — >oc 

= <p(ax ■ ■ ■ a n -i)4>(a n ) = e<p{a), 

which implies e £ M(C*(0(A))) is n-potent. The fact that e — e* follows from 
4>(e\)* = 4>{e* x ) = 4>(e\). The other statements follow from the previous proof. □ 

The dichotomy between the unital and nonunital cases is now clear. If A is unital, 
then C*((p(A)) cBisa unital C*-subalgebra of B with unit ^(1) = (^(l)"" 1 £ B 
(which is a projection!) and so 

M(C*(V(A))) = C*(0(A)) C B. 
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However, for A nonunital, we cannot identify the multiplier algebra M (C* (<f>(A))) 
as a subalgebra of B, or even M(B), unless <fi is surjective. In general, we only have 
inclusions ip(A) C C*(<p(A)) C B. 

Now that we know, as in the unital case, every involutive n-homomorphism is an 
n-potent multiple of a *-homomorphism, we can prove the following general version 
of Theorem 14.11 and its corollary in a similar manner using Lemma IA.8I 

Theorem 4.7. Let tf> : A — > B be an involutive n-homomorphism of C* -algebras. If 
n > 2 is even, then (j) is a ^-homomorphism. If n > 3 is odd, then (j) is the difference 
4>{a) = ipi( a ) ~ (a) of two orthogonal *-homomorphisms ipi -L ip2 ■ A — > B . 

Corollary 4.8. For all n > 2 and C* -algebras A and B , <p : A — > B is a positive 
n-homomorphism if and only if (/) is a * -homomorphism. 

Appendix A. On n-HOMOMORPmsMS and m-potents 

An element x G A is called an n-potent if x n = x. Note that if (j) : A — > B is an n- 
homomorphism, then cf>(x) = (f>(x n ) = (j){x) n € B is also an n-potent. The following 
important result is Proposition 2.2 [7], whose proof is included for completeness. 

Proposition A.l. If A is a unital algebra (or ring) and <f> : A — > B is an n- 

homomorphism, then there is a homomorphism ip : A — > B and an n-potent e — 
e n G B such that 0(a) = et[)(a) = ijj(a)e for all a G A. Also, e commutes with the 
rang$\ of <j), i.e., e<j)(a) = <p(a)e for all a G A. 

Proof. Note that e = </>(l) = 0(1") = 0(1)" = e" G B is an n-potent. Define a 
linear map ip : A — > B by ip(a) = e n ~ 1 <p(a) for all a G A. For all a, b G A, 

i){ab) = e n - 2 <j)(ab) = e"- 2 0(al™- 2 6) 
= (e"- 2 0(a))(0(l)"- 2 0(6)) 
= (e"- 2 0(a))( e "- 2 0(6))=V(a)^(&), 
and so ip is an algebra homomorphism. Furthermore, 

eV>(a) = 0(l)(0(l)"' 2 0(a)) = - ^(l n_1 «) = 

Similarly, ip(a)e — <fi(a) for all a G A The final statement is a consequence of the 
fact that for all a G A, 

e<j}(a) = (pillar- 1 ) = (0(l)0(a)0(l)"- 2 )0(l) = </>(lal"- 2 )e = <p(a)e. 

□ 

The following computation will be more significant when we consider the nonuni- 
tal case (see the proof of Theorem I4.5H 

Corollary A. 2. Let 4> and ip be as in Provosition \A.l\ and n > 3. Then for all 
a G A, if a = a\02 • ■ ■ a n with a%, . . . ,a n € A, 

ip(a) = 0(aia 2 )0(a 3 ) • • • </K«n)- 



Note that the range <j>(A) is not a subalgebra of B in general. 
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Proof. We compute as follows: 

-0(a) =def e"~ 2 0(a) = cf>(l) n - 2 0(oi • • • a„) 
= 0(l)"- 2 ( /»(a 1 )---0( ail ) 
= (0(ir- 2 0( ai )0(a 2 ))0(a 3 )---«/>(a„) 
= </>(l™- 2 aia 2 )0(a 3 )---0(a„) 

= 0(aia 2 )^(a 3 ) • • • cj>(a n ). □ 

Definition A. 3. Let A be a unital algebra. An n-partition of unity is an ordered 
n-tuple (eo, ei, . . . , e n _i) of idempotents (e 2 = e k ) i/iat sttm to the identity eo + 
ei + • • • + e„_i = 1 and are pairwise mutually orthogonal, i.e., e^e/j = Ojfcl /or a/Z 
< j, k < n — 1, w/iere Ojfc is t/ie Kronecker delta. 

Note that e = 1 — (ei + • • • + e„_i) is completely determined by ei, e 2 , . . . , e„_i 
and is thus redundant in the notation for an n-partition of unity. 

Definition A.4. Let uj = and u k = e 2™(fc-i)/(«-i) f or \ < k < n - I. 
Note that u>i = 1 and wi, . . . , u> n -i are the (n — l)-th roots of unity and S„ = 
{uj , oj\, . . . , uo n -i} are the n roots of the polynomial equation x n — x = x(x n ^ 1 — 1) = 
0. 

If A is a complex algebra, we let A denote A, if A is unital, or the unitization 
A + = A © C, if A is nonunital. 

Theorem A. 5. Let A be a complex algebra. Lf e e A is an n-potent, there is a 
unique n-partition of unity (eo, e\, . . . , e n _i) in A such that 

n-1 

e = w fc e fc . 
fe=i 

//A is nonunital, then e±, . . . , e n _i G A. 

Proof. Define the n polynomials po,Pi, ■ ■ ■ ,Pn-i by 

In particular, po(^) = 1 — a;" -1 . Each polynomial pk has degree n — 1 and satisfies 
Pk{uk) = 1 and Pfe(wj) = for all j ^ fc. It follows that pj(x)pk{x) = for all 
x e E n . We also claim that for all x e C that 

n-1 

(2) ^2p k (x) =p (x) H hp„_i(x) = l 

fc=0 

n-1 

(3) x = ^u fc p fc (x). 

Indeed, these identities follow from the fact that these polynomial equations have 
degree n — 1 but are satisfied by the n distinct points in £„. 

Now, given any x™ = a; in C it follows that Pk{x) 2 — pk{x). Hence, for any n- 
potent e 6 A, if we define efc = pfe(e) then (eo, ei, . . . , e„_i) consists of idempotents 



12 



EFTON PARK AND JODY TROUT 



e k = Pk(e) 2 = Pfe(e) = e k and satisfy, by ©, 

71—1 71—1 

k=Q k=0 

They are pairwise orthogonal, because eje k = pj(e)pk(e) = for j ^ fc. Moreover, 

n— 1 n — 1 

e = ^ ^kPkie) = w fc e fc 
fc=i fe=l 

by Equation (|3|). For 1 < k < n — 1, note that p k (x) = xqk{x) for some polynomial 
qk{x). Hence, if ^4 is nonunital and 1 < fc < n — 1, we have e& = Pfe(e) = eqk(e) G A, 
since ^4 is an ideal in A. □ 

The following result is the n-homomorphism version of the previous n-potent 
result. Recall say that two linear maps ipi,ipj '■ A ^ B are orthogonal (tpi _L ipj) if 

ipi(a)il)j(b) = = 

for all a, b G aE 

Proposition A. 6. Let A and B be complex algebras. If A is unital then a linear 
map (j) : A — > B is an n-homomorphism if and only if there exist n — 1 mutually 
orthogonal homomorphisms ipi, . . . , i/Vi-i : A —> B such that for all a G A, 

n-1 

4>{a) = y^fcV'fc(a). 

k=l 

Proof. (=>) Let cj) : A — > B be an n-homomorphism. By Proposition IA.11 there 
is an n-potent e G B and a homomorphism ^ : ^4 — > _B such that 4>{a) — eip(a) — 
ip(a)e. Using the previous result, write e — Ylt—i w fe e k> where (eo, e±, . . . , e n -i) 
is the associated n-partition of unity in A defined by the polynomials p k . Since 
efe = Pk(e), we have that e k ip(a) — ?p(a)e k for 1 < k < n — 1. Define ip k : A — » £> 

by 

=def efeV'W = efe^(a) = e k ip(a)e k . 
Then ipi, . . . , ip n -i are orthogonal homomorphisms and, for all a E A, 

71—1 71—1 

cj){a) = eip(a) = ^uj k e k ip(a) = ^uj k ifj k (a). 

k=l k=l 

(<s=) Follows from the fact that w£ = to k for all k = 1, . . . , n — 1. □ 

Remark A. 7. // A is nonunital, the above result does not hold. One reason is 
that the unitization <p + : A + — > B + of an n-homomorphism is not, in general, an 
n-homomorphism. Also, if A n = B n = {0}, then every linear map L : A — > B is 
an n-homomorphism (See Examples 2.5 and 4-3 of Hejazian et al [7]). 

Let be the n roots of the polynomial equation x = x n from Definition IA.4I 
If A is a C*-algebra, it follows that a normal n-potent e = e" must have spectrum 
<r(e) C £„. Recall that a projection is an element p = p* = p 2 G A. Two projections 
Pi and pi are orthogonal if P1P2 = 0. A tripotent is a 3-potent element e 3 = e G A 

The following characterization of self-adjoint n-potents in C*-algebras is impor- 
tant for our nonexistence results on n-homomorphisms. 

2 Note that the zero homomorphism is orthogonal to every homomorphism. 
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Lemma A. 8. Let A be a C* -algebra. 

3") If n > 2 is an even integer, the following are equivalent: 

i. ) e is a projection. 

ii. ) e is a positive n-potent. 

iii. ) e is a self-adjoint n-potent. 

t>.) If n > 3 is an odd integer, the following are equivalent: 

i. ) e is a self-adjoint tripotent. 

ii. ) e — pi ~ P2 is a difference of two orthogonal projections. 

iii. ) e is a self-adjoint n-potent. 

Proof. In both the even and odd cases, (i) => (ii) => (iii) (See Theorem 
IA.5j) . Suppose (iii) holds. If n = 2fc is even, 



and so the spectrum of e satisfies <r(e) C E ra n[0, oo] = {0, 1}. Thus, e is a projection. 
If n > 3 is odd, then since e = e* we must have a(e) cE n flR = {— 1, 0, 1}. Thus, 



[1] B. Blackadar, Theory of C* - algebras and von Neumann algebras, Encyclopaedia of Math- 
ematical Sciences, 122. Operator Algebras and Non-commutative Geometry, III. Springer- 
Verlag, Berlin, 2006. 

[2] J. Bracifi and S. Moslehian, On Automatic Continuity of 3-Homomorphisms on Banach 

Algebras, to appear in Bull. Malays. Math. Sci. Soc. arXiv: |math.FA/0611287| 
[3] P. Cohen, Factorization in group algebras, Duke Math. J. 26 (1959) 199—205. 
[4] S. Feigelstock, Rings whose additive endomorphisms are N -multiplicative, Bull. Austral. 

Math. Soc. 39 (1989), no. 1, 11-14. 
[5] S. Feigelstock, Rings whose additive endomorphisms are n-multiplicative. II, Period. Math. 

Hungar. 25 (1992), no. 1, 21-26. 
[6] L. Harris, A Generalization of C* -algebras, Proc. London Math. Soc. 42 (1981) no. 3, 331— 

361. 

[7] M. Hejazian, M. Mirzavaziri, and M.S. Moslehian, n-homomorphisms, Bull. Iranian Math. 

Soc. 31 (2005), no. 1, 13-23. 
[8] I. Raeburn and D. P. Williams, Morita Equivalence and Continuous-Trace C* -Algebras, 

Mathematical Surveys and Monographs, vol. 60, American Mathematical Society, 1998. 
[9] W. Stinespring, Positive functions on C* -algebras, Proc. Amer. Math. Soc. 6 (1955), 211—216. 

Box 298900, Texas Christian University, Fort Worth, TX 76129 
E-mail address: e.park@tcu.edu 

6188 Kemeny Hall, Dartmouth College, Hanover, NH 03755 
E-mail address: jody.trout@dartmouth.edu 





□ 



References 



